In this article, we introduce a new class of analytic functions of the unit disc D namely the Exponential Cauchy Transforms K e defined by
Introduction
Let D = {z ∈ C : |z| < 1} be the open unit disc in the complex plane C, and T = ∂D the boundary of D. We let H (D) denote the class of all analytic functions on D. H (D) is a locally convex linear topological space with respect to the topology given by uniform convergence on compact subsets of D. For z ∈ D, the Cauchy space K is the class of analytic functions f ∈ H (D) for which there exists a measure µ ∈ M such that f (z) = makes K into a Banach space known as the classical Cauchy transform space. This space has been studied extensively; see for instance [2, 3, 7] and [4] for a comprehensive list of references. Let M a := {µ a ∈ M: µ a ≪ m} where m is the normalized Lebesgue measure on the unit circle, and M s := {µ s ∈ M: µ s ⊥ m}. According to the Lebesgue decomposition theorem M = M a ⊕ M s thus any µ ∈ M can be written as µ = µ a + µ s where µ a ∈ M a , µ s ∈ M s and ∥µ∥ = ∥µ a ∥ + ∥µ s ∥. Consequently the Banach spaces K may be written as K = (K) a ⊕ (K) s where (K) a is isomorphic to L 1 /H 1 0 the closed subspace of M of absolutely continuous measures, and (K) s is isomorphic to M s the closed subspace of M of singular measures see [5] . If f ∈ (K) a , then the singular part is null and the measure µ for which the integral holds reduces to dµ(t) = dµ(e it ) = g(e it )dt where g(e it ) ∈ L 1 and dt is the Lebesgue measure on T. In which case the functions in (K) a may be then written as
where if g(e it ) is nonnegative then ∥f
Our interest is a new class of analytic functions defined when the kernel K (z) in (1.1) is replaced with K e (z) = exp [K (z)]. We will denote the space by K e and call it the space of Exponential Cauchy Transform. K e will also be a Banach space when we replace the kernel K (z) in formula (1.2) by K e (z). The space K e may also be decomposed as
In section 2, we will use properties of generating formula of the generalized Laguerre polynomials to show that if we write
n (x) is the generalized Laguerre polynomial of degree n given by
Asymptotic behavior of the coefficients A n will be investigated. We will show that the sequence {1/A n } ∞ n=0 is convex and deduce that there exists an L 1 function h (t) that can be written as
Furthermore for any µ ∈ M, the convolution
In section 3, we investigate relationships between the classical Cauchy transform space K , the Hardy spaces H p and the exponential Cauchy transform space K e .We will show that:
The generating function of the associated Laguerre polynomials in [1, p. 114 
where the generalized Laguerre polynomial of degree n is given by
The first few terms of (2.4) (see [1, p. 114] ) are given by
and the recurrence relation for the coefficients L
Now we use the coefficients of the Laguerre polynomials to determine the Taylor coefficients of the exponential Cauchy kernel K e (z).
Proposition 2.1. If we let
where for n ≥ 1 the coefficients obey the recurrence formula is given by
and the first few terms are given by
(2.8)
By derivation in (2.8) or by using (2.6) we get the following recurrence relation
Finally using equation (2.5) with x = α = −1 we get
Recall the classical theorem in [9, p. 199, eq. 8.22.3].
Theorem 2.1 (Perron's Formula). For any real α and x
where C ν (x) is independent of n and regular in Re x < 0 and O(n −p/2 ) is uniformly bounded in any bounded domain excluding Re x ≥ 0. In addition p ≥ 1 can be chosen arbitrarily.
Also recall Turan's inequality [8] .
Theorem 2.2 ( Turan's inequality). For α > 0 and x any real number,
n−1 (x). The next theorem list some of the properties about ratios of the coefficients A n and their asymptotic behavior. Theorem 2.3. The coefficients A n have the following properties.
1)
A
is a convex.
) .
1. The coefficients A n are all positive and increasing in terms of n and a simple comparison of A n+1 and A n shows that A n+1 > A n .
2. Now choose p = 1 in Perron's formula to get
3. Let n > 1 and note that if we let α = 1 [9, p. 102 , eq. 5.2.1], we get
n−1 (x). Substitute this in Turan's inequality to get ( nL
) . Letting x = −1 in the above inequality gives us
Divide both sides by A n A n−1 to get
there exists a positive integer n 0 so that when n > n 0 the right side of the last inequality is greater than 0.
4. We want to show that 1 2
we can use Perron's formula to show that G is monotone decreasing whose limit is 2.
This completes the proof.
The Space of Exponential Cauchy Transforms
In the previous section we studied the kernel K e (z) and some of its properties. Now we turn our attention to the space K e . Recall that
} (3.14)
Observe that since
this simple argument suggests that for n = 1, 2, 3 · · ·
Proposition 3.1. Let f (z) =
∑ ∞ n=0 a n z n be an analytic function then we have the following:
(1) f ∈ K if and only if there exists a measure µ ∈ M such that a n = ∫ T x n dµ (x) where |a n | ≤ ∥µ∥.
(2) f ∈ K e if and only if there exists a measure µ ∈ M such that a n = eA n ∫ T x n dµ (x) where |a n | ≤ e · A n · ∥µ∥
(2) In the previous section we showed that
Let f (z) = ∑ ∞ n=0 a n z n belong to K e the using (3.14) we get
and this completes the proof.
Now recall the generating function of the associated Laguerre polynomials given in [1, eq. 4.
The discussion above gives rise to the following result.
Proposition 3.2.
If f (z) = ∑ ∞ n=0 a n z n belongs to K e then there exists a measure µ ∈ M such that
Finally we turn our attention to the relationship between our new class of analytic functions K e with the the space of Cauchy transforms K and the Hardy spaces H p . Using the convexity of the sequence
and the result from [6, p. 64] we have the following:
) then the following is true:
The previous corollary implies that if x = e it then f can be written as
Now we look at the relationship between the exponential Cauchy transforms and the Hardy spaces H p . It is known from [6] 
Conclusion
We introduced a new class of analytic function of Cauchy-Stieltjes type namely the exponential Cauchy transforms defined as
Its kernel is defined as K e (z) = exp [K (z)] where K (z) = (1 − z) −1 is the classical Cauchy kernel. It was shown that if we let K e (z) = e ∑ ∞ n=0 A n z n then the coefficients A n are nothing but the special case of the generalized Laguerre polynomials L (α) n (x) when α = x = −1. These coefficients were found to have some interesting properties summarized in Theorem 3. Furthermore it was show that both the space of Cauchy transforms K and Hardy spaces H p (p > 0) are subspaces of (K e ) a the subclass of K e whose measures are absolutely continuous. This new class linking analytic function spaces and special functions and in particular Laguerre polynomials promises to have very interesting features worth investigating. The author is currently working on actions of linear operators over this new family of analytic functions.
